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ON ULTRAPRODUCT EMBEDDINGS AND AMENABILITY FOR
TRACIAL VON NEUMANN ALGEBRAS
SCOTT ATKINSON AND SRIVATSAV KUNNAWALKAM ELAYAVALLI
Abstract. We define the notion of self-tracial stability for tracial von Neu-
mann algebras and show that a tracial von Neumann algebra satisfying the
Connes Embedding Problem is self-tracially stable if and only if it is amenable.
We then generalize a result of Jung by showing that a separable tracial von
Neumann algebra that satisfies the Connes Embedding Problem is amenable
if and only if any two embeddings into RU are ucp-conjugate. Moreover we
show that for a II1 factor N satisfying CEP, the space Hom(N,
∏
k→U
Mk) of
unitary equivalence classes of embeddings is separable if and only N is hyper-
finite. This resolves a question of Popa for Connes embeddable factors. These
results hold when we further ask that the pairs of embeddings commute, admit-
ting a nontrivial action of Out(N ⊗N) on Hom(N ⊗N,
∏
k→U
Mk) whenever
N is non-amenable. We also obtain an analogous result for commuting sofic
representations of countable sofic groups.
The problem of identifying amenability in von Neumann algebras has received
an immense amount of attention going back to the beginning of the subject. In-
deed, the first result of this kind was Murray-von Neumann’s famous proof that
the hyperfinite II1-factor R is not isomorphic to the free group factor L(F2) using
Property Γ (see §6 of [26]). Likewise, the subject of ultraproduct analysis for tra-
cial von Neumann algebras has a deep and rich history dating back to the early
years of the subject with McDuff’s article [25] making the value of such techniques
readily apparent. Connes’s seminal paper [11] makes use of such ultraproduct con-
siderations to establish the groundbreaking classification of injective von Neumann
algebras. Throughout the history of the subject, problems in von Neumann alge-
bras involving amenability and ultraproducts have steadily maintained momentum,
interest, and relevance.
In this article, we identify multiple new characterizations of amenability for tra-
cial von Neumann algebras in the context of embeddings into ultraproducts. These
results are obtained under the assumption that the algebra in question satisfies the
Connes Embedding Problem (CEP):
Problem (CEP). Let N be a separably acting tracial von Neumann algebra, R
be the separably acting amenable II1-factor, and U be a free ultrafilter on N. Does
there exist an embedding N → RU?
An affirmative resolution of this problem was famously conjectured in [11]. Re-
cently, in [23] Ji-Natarajan-Vidick-Wright resolved CEP in the negative. This
means that our assumption that a tracial von Neumann algebra satisfies CEP is
nontrivial.
For the first characterization of this paper, we introduce the idea of self-tracial
stability for tracial von Neumann algebras together with related notions. A tracial
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von Neumann algebra (N, τ) is self-tracially stable if maps N → N that are approx-
imate ∗-homomorphisms are near honest ∗-homomorphisms; self-tracial stability is
a specific instance of tracial stability—see Definition 2.1. It is a direct consequence
of a well-known result that amenability implies self-tracial stability. We prove the
following theorem.
Theorem 2.4. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP. Then N is self-tracially stable if and only if N is amenable.
This resolves Question 1.8 of [3] modulo CEP. It follows that self-tracial stability
is not axiomatizable (see Proposition 2.11). One appeal of self-tracial stability is
that its definition does not require a CEP assumption. Thus when we perceive this
characterization as a necessary condition of CEP we obtain a strategy for identifying
counterexamples of CEP by way of contraposition: if N is self-tracially stable and
not amenable, then N does not satisfy CEP.
The next characterization generalizes a well-known result of Jung. In [24], Jung
showed that if (N, τ) is a finitely generated tracial von Neumann algebra satisfying
CEP, then N is amenable if and only if any pair of embeddings into RU are unitarily
conjugate. We will call this result Jung’s theorem. For the same reason as in the
previous paragraph, the “only if”direction of Jung’s theorem is a direct exercise.
Jung’s strategy utilizes the finitary notion of (quasi)tubularity–a condition on the
unitary orbits of matrices that tracially approximate the generators of N . (It is
important to note that Hadwin’s dimension ratio for the generators of a tracial von
Neumann algebra is a quantified predecessor of tubularity–see item (6) of Theorem
3.3 in [20].) The concept of (quasi)tubularity is the mechanism one uses to pivot
from unitary equivalence of embeddings to semidiscreteness (i.e. amenability). The
generalization appearing in this article is based on the notion of ucp-conjugation.
Two embeddings π, ρ : N → RU are ucp-conjugate if there exists a sequence of
unital completely positive maps ϕk : R → R that assemble to conjugate π and ρ
(see Definition 3.1). The result is as follows.
Theorem 3.7. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP. Then any pair of embeddings of N into RU are ucp-conjugate if and
only if N is injective.
Note that we have done away with the assumption that N is finitely generated. To
prove the above theorem, we adapt Jung’s tubularity for the ucp setting, calling the
concept complete tubularity (see Definition 3.3). In the process of defining complete
tubularity, we take care to expand its scope to apply to infinitely many generators.
Complete tubularity in conjunction with an unpublished characterization of injec-
tivity by Kishimoto (see Proposition 1.4) serves as the link from ucp-conjugacy of
embeddings to injectivity.
This characterization of injectivity in terms of ucp-conjugacy sheds light on a
question of Popa appearing in the third paragraph of §§2.3 of [27] regarding unitary
equivalence classes of embeddings of tracial von Neumann algebras into an arbitrary
ultraproduct of II1-factors
∏
k→U
Mk. Popa’s question is as follows.
Question ([27]). If N is a separable von Neumann subalgebra of an ultraproduct
II1-factor
∏
k→U
Mk, then how large is the space of embeddings of N into
∏
k→U
Mk
modulo unitary equivalence?
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In the appendix of [8], Ozawa showed that the space of unitary equivalence classes
of embeddings of a separably acting II1-factor N into R
U is separable if and only
if N is amenable. Evidently, this result served as inspiration for Popa’s question.
One must take care in considering the general case of an ultraproduct codomain∏
k→U
Mk. The obstruction is that there are more unitaries available in
∏
k→U
Mk that
could a priori coarsen the space of unitary equivalence classes. As an immediate
consequence of Theorem 3.7, we obtain the following:
Corollary 3.8. Let (N, τ) be a non-amenable separably acting tracial von Neumann
algebra satisfying CEP. Then there are at least two distinct embeddings of N into
an arbitrary ultraproduct of II1-factors
∏
k→U
Mk up to unitary conjugation.
This is a first step in answering Popa’s question in full generality. To completely
resolve Popa’s question, we apply techniques from [2] and obtain the following
theorem.
Theorem 4.6. Given a separably acting finite von Neumann algebra N satisfying
CEP, the space of unitary equivalence classes of embeddings of N into an ultraprod-
uct of II1-factors
∏
k→U
Mk is separable if and only if N is amenable.
Using the self-absorbing nature of R, we extend the above results to the setting
where we further insist that the embeddings commute (Theorem 5.5). This result
has applications to topics including weak approximate unitary equivalence of com-
muting embeddings into separable factors, the action of Out(N ⊗N) on the space
Hom(N ⊗ N,∏k→U Mk), and the so-called ultra ucp lifting property (see §§5.1).
We also obtain an analogous result for commuting sofic representations of countable
sofic groups. While there is no self-absorbing behavior available to exploit in the
sofic setting, we show how the techniques of Elek-Szabo from [14] in their proof of
Jung’s theorem for sofic groups apply to produce the desired result (see §§5.2).
We conclude with comments and questions regarding some notions from the
paper in the group setting. With its official debut in Hadwin–Shulman’s 2018 article
(2016 preprint) [21], tracial stability is a fairly young topic in operator algebras.
Analogous notions of stability in group theory have a longer history. Given a class of
groups G equipped with bi-invariant metrics, a group G is G-stable if approximate
homomorphisms of G into members of G are near honest homomorphisms (see
Definition 6.2). Some examples of a class G commonly considered include
HS := {U(Mn), normalized Hilbert-Schmidt norm}n∈N
and
P := {n× n permutation matrices, Hamming metric}n∈N .
Thom’s ICM survey [30] discusses recent results, applications, and questions related
to stability for groups. Some other notable group theoretic references on this topic
include [1, 22, 12, 6, 5].
Acknowledgments. The authors gratefully acknowledge D. Bisch, I. Farah, A.
Levit, L. Pa˘unescu, J. Peterson, and P. Spaas for helpful conversations about these
results. We also thank B. Hayes, B. Nelson, and D. Sherman for useful discussions
and careful proofreading. Special gratitude is due to A. Ioana and N. Ozawa.
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1. Preliminaries
1.1. Amenability. We begin this section with a discussion of amenability for von
Neumann algebras.
Definition 1.1.
(1) A von Neumann algebra N is amenable if any derivation δ of N into a
dual Banach bimodule X is inner. That is, any map δ : N → X satisfying
δ(ab) = aδ(b)+ δ(a)b for every a, b ∈ N must be of the form δ(a) = ax−xa
for some x ∈ X .
(2) A von Neumann algebraN is hyperfinite if it can be expressed as the σ-weak
closure of an increasing union of finite-dimensional subalgebras.
(3) A von Neumann algebra N is injective if for any inclusion X ⊂ Y of oper-
ator systems and ucp map ϕ : X → N , there exists a ucp map ϕ˜ : Y → N
such that ϕ˜|X = ϕ.
(4) A von Neumann algebra N is semidiscrete if there is a pair of nets of ucp
maps ϕα : N → Mn(α), ψα : Mn(α) → N such that ψα ◦ ϕα → idN in the
point-ultraweak topology.
It is well-known that the four conditions in Definition 1.1 are equivalent. This equiv-
alence is largely due to the results from [11], but we should also mention [10, 38, 19]
when discussing this result. There are more conditions well-known to be equiva-
lent to the above four, but for the purposes of this article, we only consider these
four. When discussing results regarding amenability/hyperfiniteness/injectivity/
semidiscreteness we will use the most relevant term; for instance, if an argument’s
conclusion is that an algebra satisfies the conditions for injectivity, we will call the
algebra injective. When the context is general, we will use the term amenable as
the umbrella term to refer to an algebra satisfying these equivalent conditions.
Example 1.2. The most well-known example of an amenable von Neumann al-
gebra is the separable hyperfinite II1-factor, denoted by R. Murray-von Neumann
showed in [26] that R is the unique separable hyperfinite II1-factor. To sketch a
construction, consider the infinite tensor product
⊗
N
M2. Using the unique tracial
state, form a GNS representation of
⊗
N
M2 and take the bicommutant.
This paper focuses on separably acting tracial von Neumann algebras. A tracial
von Neumann algebra is given by a pair (N, τ) where N is a von Neumann algebra
and τ is a faithful normal tracial state on N . Given two tracial von Neumann
algebras (N, τ), (M,σ), an embedding of (N, τ) into (M,σ) is an injective unital
∗-homomorphism π : (N, τ) → (M,σ) such that σ ◦ π = τ . Given a tracial von
Neumann algebra (N, τ), we often consider the trace-norm || · ||2 on N induced by
τ defined as follows. For x ∈ N, ||x||2 = τ(x∗x) 12 . Given ε > 0 and two subsets
A,B ⊂ N , the notation A ⊂||·||2,ε B denotes the condition that for every a ∈ A
there is a b ∈ B such that ||a− b||2 < ε.
We now present some lesser-known characterizations of amenability for separably
acting tracial von Neumann algebras. The following proposition from [24] provides
a useful finitary viewpoint of semidiscreteness:
Proposition 1.3 ([24]). Let (N, τ) be a tracial von Neumann algebra. We have that
N is semidiscrete if and only if for any finite subset F ⊂ N and any ε > 0, there
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exist a tracial von Neumann algebra (Nε, τε), an embedding πε : (N, τ) →֒ (Nε, τε),
and a unital finite-dimensional subalgebra Aε ⊂ Nε such that
πε(F ) ⊂||·||2,ε Aε.
Note that the version proved in [24] assumes that F is a generating set, but after
a reduction, Jung’s proof establishes the above statement. Thus we do not rely on
an assumption of N being finitely generated.
The following proposition is the crucial step in the proof of Theorem 3.7. The
result in Proposition 1.4 is not new. It is an unpublished result of Kishimoto. The
proof recorded here was communicated to us by N. Ozawa to whom we extend our
sincere gratitude.
Proposition 1.4 (Kishimoto). Let (N, τ) be a tracial von Neumann algebra. We
have that N is injective if and only if for any finite subset F ⊂ (N)≤1 and any
ε > 0, there exist J ∈ N and a ucp map ρ : MJ → N such that
F ⊂||·||2,ε ρ((MJ )≤1).
The idea of the proof is to construct an averaging map which will serve as a con-
ditional expectation from B(L2(N, τ)) to N ′, thereby showing that N ′ is injective,
and hence N is injective. Before proceeding with the proof of Proposition 1.4, we
need the following lemma.
Lemma 1.5. Let (N, τ) be a tracial von Neumann algebra, and fix ε > 0. Given
a ucp map ρ : MJ → N , a unitary u ∈ U(N), and a contraction x ∈ (MJ )≤1 such
that ||u − ρ(x)||2 < ε. For every unitary v0 ∈ MJ for which x = v0|x|, we have
||u− ρ(v0)||2 < 3ε 12 .
Proof. Suppose that 0 < ε < 2−1. Since ρ is 2-positive and τ is positive, we have
that
τ(ρ(x∗x)) ≥ τ(ρ(x∗)ρ(x)) > 1− 2ε
by Schwarz’s inequality and the reverse triangle inequality. Observe that by
Schwarz’s inequality and functional calculus
||ρ(v0)− ρ(x)||22 = ||ρ(v0(1 − |x|))||22
= τ(ρ(v0(1− |x|))∗ρ(v0(1 − |x|)))
≤ τ(ρ((1 − |x|)v∗0v0(1− |x|))
= τ(ρ((1 − |x|)2))
≤ τ(ρ(1 − |x|2))
< 2ε.
Thus we have
||ρ(v0)− u||2 ≤ ||ρ(v0)− ρ(x)||2 + ||ρ(x) − u||2 < (2ε) 12 + ε < 3ε 12 . 
Proof of Proposition 1.4. Consider N ⊂ B(L2(N, τ)). It suffices to show that N ′
is injective.
Fix a finite subset F ⊂ U(N) ⊂ (N)≤1 and ε > 0. Let ρ : MJ → N be such that
F ⊂||·||2,ε ρ((MJ )≤1).
Then by Lemma 1.5 we have that for every u ∈ F there is a v0 ∈ U(MJ ) such
that ||u − ρ(v0)||2 ≤ 3ε 12 . By Stinespring’s theorem there is a ∗-homomorphism
π : MJ →ML(N) such that ρ(x) =W ∗π(x)W where W = (1, 0, . . . , 0)T ∈ML,1.
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Let ξτ denote the cyclic vector for L
2(N, τ) corresponding to 1 ∈ N , and let K de-
note the super-Hilbert space containing L2(N, τ) afforded by the above Stinespring
dilation. Note that for u ∈ U(N), v ∈ U(MJ ), and b′ ∈ N ′ we have
Wub′ = (b′ ⊗ IL)Wu
and
π(v)Wb′ = (b′ ⊗ IL)π(v)W.
So
||(Wu − π(v)W )b′ξτ ||2K ≤ ||b′||2||(Wu− π(v)W )ξτ ||2K
≤ ||b′||2(2− 2Reτ(u∗ρ(v)))
≤ 2||b′||2||u− ρ(v)||2.
The last inequality is achieved by factoring out 2, and writing 1 as Reτ(u∗u),
and then applying Cauchy-Schwarz inequality. Hence for v0 ∈ U(MJ ) such that
||u− ρ(v0)||2 < 3ε 12 , we have
||(Wu − π(v0)W )b′ξτ ||2K < 2||b′||2(3ε1/2)(1.1)
for every u ∈ F .
Next we construct a ucp map θ : B(L2(N, τ)) → B(L2(N, τ)) in the following
way:
θ(x) :=
∫
U(MJ )
W ∗π(v∗)(x⊗ 1L)π(v)Wdv.
Here, integration is with respect to the Haar probability measure on U(MJ ). Given
b′ ∈ N ′, we see that
θ(b′) =
∫
U(MJ )
W ∗π(v∗)(b′ ⊗ 1L)π(v)Wdv
= b′
∫
U(MJ )
W ∗π(v∗)(IB(L2(N,τ)) ⊗ 1L)π(v)Wdv
= b′.
Thus θ|N ′ = idN ′ . Let v0 ∈ U(MJ ) be as above, and let u ∈ F, x ∈ B(L2(N, τ))≤1,
and b′, b′′ ∈ N ′ be given. First note that by the translation invariance of the Haar
measure, we have that
∫
U(MJ)
〈u∗W ∗π(v∗)(x ⊗ 1L)π(v)π(v0)Wb′ξτ |b′′ξτ 〉τ dv
=
∫
U(MJ)
〈u∗W ∗π(v0)π(v∗)(x⊗ 1L)π(v)Wb′ξτ |b′′ξτ 〉τ dv.
Next, we see that by (1.1)
∫
U(MJ)
∣∣∣〈(u∗W ∗π(v∗)(x⊗ 1L)π(v)Wu − u∗W ∗π(v∗)(x⊗ 1L)π(v)π(v0)W ) b′ξτ ∣∣∣b′′ξτ〉
τ
∣∣∣ dv
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=
∫
U(MJ )
∣∣∣〈u∗W ∗π(v∗)(x⊗ 1L)π(v)(Wu − π(v0)W )b′ξτ ∣∣∣b′′ξτ〉
τ
∣∣∣ dv
<
√
6ε1/2||b′|| · ||b′′||.
Also, by (1.1),
∫
U(MJ)
|〈(u∗W ∗π(v0)π(v∗)(x⊗ 1L)π(v)W −W ∗π(v∗)(x⊗ 1L)π(v)W ) b′ξτ |b′′ξτ 〉τ | dv
=
∫
U(MJ )
|〈π(v0)π(v∗)(x⊗ 1L)π(v)Wb′ξτ |(Wu − π(v0)W )b′′ξτ 〉τ | dv
<
√
6ε1/2||b′|| · ||b′′||.
Thus it follows that
|〈(u∗θ(x)u − θ(x))b′ξτ |b′′ξτ 〉| < 2
√
6ε1/2||b′|| · ||b′′||.
Let θ(F,ε) denote the ucp map constructed above for given finite F ⊂ U(N) and
ε > 0. Then
{
θ(F,ε)
}
forms a net of ucp maps on B(L2(N, τ)). By Theorem 1.3.7
of [9], there is a limit point θ0 of this net in the point-ultraweak topology. Thus
for any u ∈ U(N) and x ∈ B(L2(N, τ))) by the above estimates, u∗θ0(x)u = θ0(x).
Hence θ0(B(L
2(N, τ))) ⊂ N ′. Since θ0 is contractive, it follows that
θ0 : B(L
2(N, τ))→ B(L2(N, τ))
is a conditional expectation onto N ′. So N ′ is injective. 
The next proposition is relevant to the narrative of this paper, and its proof is
straightforward. Before presenting the proposition, a definition is in order.
Definition 1.6. Given a separable von Neumann algebra N and a separable II1-
factor M , two unital ∗-homomorphisms π, ρ : N → M are weakly approximately
unitarily equivalent —denoted π ∼waue ρ—if there is a sequence of unitaries {un} ⊂
U(M) such that for every x ∈ N ,
lim
n→∞
||π(x) − unρ(x)u∗n||2 = 0
(see [31], [13], and [28]). Alternatively, π ∼waue ρ if and only if for any finite subset
F ⊂ N and ε > 0, there exists a unitary u ∈ U(M) such that ||π(x)−uρ(x)u∗||2 < ε
for every x ∈ F .
Proposition 1.7. Let N be a II1-factor, and let π, ρ : R → N be two unital
embeddings. Then π ∼waue ρ.
It turns out that this property characterizes amenability (after one makes some
necessary assumptions)—see Theorem 3.9.
1.2. Ultraproducts. We next recall the tracial ultraproduct construction. Let U
denote a free ultrafilter on N (see Appendix A of [9] for a definition). For each
k ∈ N, let Ak be a unital C∗-algebra with tracial state τk, and let || · ||2,k denote
the induced trace-seminorm. Define the sequence space
∞∏
k∈N
Ak :=
{
(ak)k∈N : ak ∈ Ak and sup
k
||ak|| <∞
}
.
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If Ak = A for every k ∈ N we write ℓ∞(A) for
∞∏
k∈N
Ak. We define the tracial
ultraproduct of the (Ak, τk)’s, denoted
∏
k→U
(Ak, τk) (or simply
∏
k→U
Ak when the
context is clear), to be given by
∏
k→U
(Ak, τk) :=
( ∞∏
k∈N
Ak
)/
IU
where
IU :=
{
(ak) ∈
∞∏
k∈N
Ak : lim
k→U
||ak||2,k = 0
}
.
Given a sequence (ak) ∈
∞∏
k∈N
Ak, let (ak)U denote the coset of (ak) in
∏
k→U
(Ak, τk).
It will be useful to set the following notation. Let (N, τ) be a tracial von Neu-
mann algebra and for each k ∈ N let (Mk, τk) be a tracial von Neumann algebra.
Given an embedding π : N →
∏
k→U
Mk, for each k ∈ N let π(x)k ∈ Mk be so that
π(x) = (π(x)k)U . That is, (π(x)k)k∈N is a representative from
∏
N
Mk of the coset
of π(x).
1.3. Microstates. Microstates were introduced by Voiculescu in paper II of his
revolutionary series of papers titled “On the Analogues of Entropy and of Fisher’s
Information Measure in Free Probability Theory I-VI”[32, 33, 34, 35, 36, 37].
Roughly speaking, a microstate is a tuple of matrices that approximates a given
tuple of operators in many moments. The consideration of microstates helps to
make embeddings into RU more tractable. It is well known that satisfying CEP is
equivalent to “having sufficiently many microstates.”
Definition 1.8. Let (N, τ) be a tracial von Neumann algebra, and let X =
(x1, . . . , xn) be a finite set of operators in (N)≤1. Fix k ∈ N, and as usual let Mk
denote the algebra of k× k matrices with complex entries. Write ξ = (ξ1, . . . , ξn) ∈
Mnk . Define the microstate space Γ1(X ; d, k, γ) to be the set of all ξ ∈ (Mk)n≤1
such that |trk(p(ξ1, . . . , ξn)) − τ(p(x1, . . . , xn))| ≤ γ for every noncommutative ∗-
monomial p in n variables of degree at most d. Here trk denotes the normalized
trace on the matrix algebra Mk. The set Γ(X ; d, k, γ) is defined identically without
the operator norm constraint on the microstates.
The following proposition follows from a direct normalization argument.
Proposition 1.9. Let (N, τ) be a tracial von Neumann algebra satisfying CEP, and
let X = (x1, . . . , xn) ⊂ (N)≤1 be such that W ∗(x1, . . . , xn) = N . Then, for every
k ∈ N there exists an Nk ∈ N such that Γ1(X ; k,Nk, k−1) 6= ∅. In particular, for
a fixed sequence of microstates ξ(k) = (m
(k)
1 , . . . ,m
(k)
n ) ∈ Γ1(X ; k,Nk, k−1), there
exists an embedding σ : N → RU such that σ(xj) =
(
ξ
(k)
j
)
U
for 1 ≤ j ≤ n.
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Typically microstates are used in conjunction with finitely generated von Neu-
mann algebras. We now discuss a method to use microstates to obtain an em-
bedding of a separably acting tracial von Neumann algebra. We first recall the
following lemma.
Lemma 1.10. Let (N, τ) and (M,σ) be tracial von Neumann algebras. If A ⊂ N
is a ∗-subalgebra with W ∗(A) = N , then a trace-preserving ∗-homomorphism π :
A→M extends to an embedding π˜ : N →M .
Now let (N, τ) be a separable tracial von Neumann algebra satisfying CEP, and
let X := {xj}j∈N ⊂ (N)≤1 be a generating set for N ({xj}j∈N can and often
will be taken to be a countable || · ||2-dense subset of (N)≤1). For k ∈ N let
Xk := {x1, . . . , xk}. As discussed above, for each k ∈ N there is a Jk ∈ N for which
Γ1(Xk; k, Jk, k
−1) is nonempty. So for each k ∈ N let
ξ(k) = (m
(k)
1 , . . . ,m
(k)
k ) ∈ Γ1(Xk; k, Jk, k−1).
Let A ⊂ N denote the ∗-subalgebra generated by X . Consider π : A→ RU defined
on X by π(xj) = (ξ
(k)
j )U for each j ∈ N (where ξ(k)j = 0 if j > k). Then π preserves
the trace on A, and by Lemma 1.10, π extends to an embedding π˜ : N → RU .
2. Self-tracial stability
Definition 2.1 ([21]). Let C -denote a class of C∗-algebras closed under
∗-isomorphism. A separably acting von Neumann algebra N is C -tracially sta-
ble if for any unital ∗-homomorphism π : N → (Ak, τk)U with Ak ∈ C and τk a
tracial state on Ak, there exist unital ∗-homomorphisms πk : N → Ak such that
π(x) = (πk(x))U for every x ∈ N . In this case, we say π lifts. A separably acting
tracial von Neumann algebra (N, τ) is self-tracially stable if N is {(N, τ)}-tracially
stable.
Remark 2.2. Self-tracial stability can be expressed in a finitary fashion without the
use of ultraproducts. We believe it is of value to include this alternative framing
here, although it seems that the ultraproduct form of the property is much less
cumbersome in practice. The equivalent finitary definition of self-tracial stability
can be stated as follows. Let (N, τ) be a tracial von Neumann algebra with gen-
erating set {x1, x2, . . . }. For any m ∈ N, let Xm denote the set {x1, . . . , xm}. We
have that (N, τ) is self-tracially stable if and only if for any ε > 0 and n ∈ N, there
are m > n and k ∈ N such that if π : N → N is a function such that
||π(p(x1, . . . , xm))− p(π(x1), . . . , π(xm))||2 < k−1
for every noncommutative ∗-monomial p on m variables of degree no greater than k
then there is a unital ∗-homomorphism π˜ : N → N such that ||π(xj)− π˜(xj)||2 < ε
for every 1 ≤ j ≤ m. Compare this definition with Definition 3.3. Note that this
definition can be adapted to provide a definition of stability for infinitely generated
groups (cf. §6).
Proposition 2.3. The separable hyperfinite II1-factor R is self-tracially stable.
Proof. Let π : R →֒ RU be given. It is well-known that any two embeddings ρ and
σ of R into RU are unitarily conjugate. Indeed, by Proposition 1.7, ρ and σ are
weakly approximately unitarily equivalent. Then by Theorem 3.1 of [29], ρ and σ
are unitarily conjugate. Let ρ : R→ RU denote the constant-sequence embedding.
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That is, ρ(a) = (a)U for every a ∈ R. Then for each a ∈ R, π(a) = uρ(a)u∗ for
some unitary u ∈ RU . It is well-known that for any unitary u ∈ RU there exist
unitaries uk ∈ R such that u = (uk)U . So we have for each a ∈ R,
π(a) = uρ(a)u∗
= (uk)U (a)U (u∗k)U
= (ukau
∗
k)U .
Letting πk(a) = ukπ(a)u
∗
k completes the proof. 
The following theorem shows that modulo CEP, self-tracial stability in fact char-
acterizes amenability for II1-factors. This answers Question 2.8 in [3] (modulo CEP,
of course).
Theorem 2.4. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP. If N is self-tracially stable then N is semidiscrete.
Proof. If N is finite-dimensional, then the conclusion clearly holds. So assume that
N is infinite-dimensional. Let π˜ : N → RU be an embedding. Fix an embedding ι :
R→ N in order to induce an embedding π := ιU ◦ π˜ : N → NU . Since no confusion
can occur, we suppress the ι. Fix ε > 0 and a finite subset F = {x1, . . . , xn} ⊂ N .
Since π(N) ⊂ RU ⊂ NU , by standard approximation arguments, for each k ∈ N
there exist unital matrix subalgebras Mn(k) ⊂ R such that π(xj)k ∈ Mn(k) for
1 ≤ j ≤ n.
Since N is self-tracially stable there are ∗-endomorphisms πk : N → N such that
π(x) = (πk(x))U for every x ∈ N . It follows that there is a K ∈ U such that for
k ∈ K,
||π(xj)k − πk(xj)||2 < ε
for every 1 ≤ j ≤ n.
We now apply Proposition 1.3 with Nε = N, πε = πK , and Aε = Mn(K) to
conclude that N is semidiscrete. 
In fact, self-tracial stability is equivalent to another formally weaker condition,
defined as follows.
Definition 2.5. Given a class C of C∗-algebras, a separable tracial von Neu-
mann algebra (N, τ) is C -ucp stable if for any unital ∗-homomorphism π : N →∏
k→U
(Ak, τk) with Ak ∈ C and τk ∈ T (Ak) there exists a sequence of ucp maps
ϕk : N → Ak such that π(x) = (ϕk(x))U for every x ∈ N . In the case C = {(N, τ)},
we say that N is self-ucp stable.
Theorem 2.6. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP. The following are equivalent.
(1) N is injective;
(2) N is self-tracially stable;
(3) N is self-ucp stable.
The only non-trivial implication is (3) ⇒ (1). This statement was discussed in
a different context by Brown in Theorem 6.3.3 of [7]; we document the proof via
injectivity here.
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Proof of Theorem 2.6. The implication clearly holds if N is finite-dimensional, so
assume N is infinite dimensional. Fix a unital inclusion ι0 : R →֒ N to induce an
embedding ι : RU →֒ NU . Let σ : N →֒ RU be an embedding (given by hypothesis).
Let π = ι ◦ σ : N → NU . Since N is self-ucp stable, there exists a sequence of ucp
maps ϕk : N → N such that π(x) = (ϕk(x))U for every x ∈ N . Let ER denote
the conditional expectation of N onto ι0(R). Then by construction we have that
π(x) = (ER(ϕk(x)))U .
We now show that N is injective, and by [11] this will imply (1). Let A ⊂ B be an
inclusion of operator systems, and let ψ : A→ σ(N) be a ucp map. Consider the ucp
map Φ ◦ψ : A→ ℓ∞(R) where Φ : N → ℓ∞(R) is given by Φ(x) = (ER ◦ϕk(x))∞k=1
for x ∈ N . Since ℓ∞(R) is injective, there exists Φ˜ : B → ℓ∞(R) extending Φ◦ψ. Let
EN denote the conditional expectation of R
U onto σ(N), and let Q : ℓ∞(R)→ RU
denote the canonical quotient map. Then we have that ψ˜ := EN ◦Q◦Φ˜ : B → σ(N)
is a ucp extension of ψ. Thus σ(N) ∼= N is injective. 
Corollary 2.7. If (N, τ) is a separably acting non-amenable tracial von Neumann
algebra satisfying CEP, then given an embedding π : N → NU that factors through
RU , π does not lift. Furthermore, π is not unitarily conjugate to the constant-
sequence embedding of N into NU .
Proof. This follows directly from the proof of Theorem 2.6. 
Remark 2.8. There are many variations of the above equivalent statements that
also characterize amenability modulo CEP. For instance:
• For any collection C of II1-factors into which N embeds, N is C -tracially
stable;
• For any II1-factor M into which N embeds, N is {M}-tracially stable;
• There exists a II1-factor M into which N embeds such that N is {M}-
tracially stable;
• N is {R}-ucp stable;
• There exists a II1-factor M for which N is {M}-ucp stable.
• N is II1-ucp stable where II1 denotes the class of II1-factors.
One of the appeals of self-tracial stability is that it does not require a CEP
assumption to define. We see that the CEP assumption in Theorem 2.6 yields the
following corollary, yielding a strategy for identifying counterexamples to CEP.
Corollary 2.9. If (N, τ) is a separable tracial von Neumann algebra that is self-
tracially stable and not hyperfinite, then it does not satisfy CEP.
Considerations of new properties of tracial von Neumann algebras in the context
of ultraproducts often leads one to consider model theoretic questions. A natural
question to ask is if self-tracial stability is an axiomatizable property.
Definition 2.10 ([17]). A property is axiomatizable if it is closed under isomor-
phism, ultrapower, and ultraroot (cf. [16]).
Proposition 2.11. Self-tracial stability is not an axiomatizable property.
Proof. By way of contradiction, suppose that self-tracial stability is axiomatizable.
Let (N, τ) be a non-hyperfinite separably acting tracial von Neumann algebra such
that N is elementarily equivalent to R. This implies that N is self-tracially stable
because R is. By elementary equivalence, NU ∼= RU , and thus N satisfies CEP. So
by Theorem 2.6 we have that N is not self-tracially stable, absurd! 
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We close this section by mentioning that since self-tracial/ucp stability is a prop-
erty that does not require any sort of CEP assumption to state, results regarding
self-tracial/ucp stability away from the context of CEP would be of significant in-
terest. A starting point would be to consider tracial von Neumann algebras with
Property (T).
3. Conjugation by ucp maps
Definition 3.1. Let (N, τ) be a separably acting tracial von Neumann algebra,
and for each k ∈ N let Mk be a II1-factor. We say that two embeddings π, ρ :
N →
∏
k→U
Mk are ucp-conjugate if there exists a sequence of subtracial ucp maps
ϕk : Mk → Mk such that for any x ∈ N we have ρ(x) = (ϕk(π(x)k))U . We write
ρ = (ϕk)U ◦ π.
Unless mentioned otherwise, all ucp maps in the rest of the paper are assumed to
be subtracial.
Proposition 3.2. If (N, τ) is self-tracially stable, then any pair of embeddings of
N into NU are ucp-conjugate.
Proof. For any two embeddings σ1, σ2 : N → NU , one has that for each k ∈ N,
there exist unital ∗-homomorphisms π1k, π2k : N → N satisfying σi(x) = (πik(x))U .
Define ϕk : N → N as ϕk = π2k ◦ π−11k ◦Ek where Ek is the conditional expectation
from N onto π1k(N). It is easy to see that this collection (ϕk)k∈N of ucp maps
implement σ2 = (ϕk)U ◦ σ1, as required. 
From the functional calculus fact that unitaries in ultraproducts lift to a sequence
of unitaries, it follows that if N satisfies the property that any two embeddings of
N into RU are conjugate by a unitary in RU , then any two embeddings of N into
RU are ucp-conjugate. In [24], Jung showed that assuming CEP and finitely many
generators, R is the only separably acting II1-factor with the former property; the
goal of this section is to show that, modulo CEP, R is the only separably acting
II1-factor with the latter property. This considerably strengthens Jung’s theorem.
To do this we define a ucp analog of Jung’s notion of tubularity that allows for the
possibility of infinitely many generators.
Definition 3.3. Let (N, τ) be a tracial von Neumann algebra, and let {x1, . . . , xn}
be a finite subset of (N)≤1. Fix ε > 0. The set {x1, . . . , xn} is ε-completely
tubular if there exist k ∈ N and γ > 0 with the property that for any J ∈ N and
ξ, η ∈ Γ({x1, . . . , xn} ; k, J, γ), there exists a ucp map ϕ : MJ →MJ such that
||ξj − ϕ(ηj)||2,Mj < ε
for every 1 ≤ j ≤ n. If {x1, . . . , xn} is ε-completely tubular for every ε > 0, we say
that {x1, . . . , xn} is completely tubular.
For infinitely many generators, let X = {x1, x2, . . . } ⊂ (N)N≤1 be a sequence of
generators of N . For m ∈ N, let Xm := {x1, . . . , xm}. We say that X is completely
tubular if for any ε > 0 and n ∈ N, there is an m > n such that Xm is ε-completely
tubular as defined above.
Remark 3.4. For a separable tracial von Neumann algebra, one can always take a
countable || · ||2-dense subset of the unit ball to serve as the generators.
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Lemma 3.5. Let (N, τ) be a separably acting tracial von Neumann algebra satisfy-
ing CEP. If any pair of embeddings of N into RU are ucp-conjugate, then for any
countable || · ||2-dense subset X = {xj}j∈N ⊂ (N)≤1, X is completely tubular.
Proof. Suppose not. Then for some dense subset X := {xj}j∈N ⊂ (N)≤1, there
is an ε > 0 and an n0 ∈ N such that for every k > n0, Xk := {x1, . . . , xk} is
not ε-completely tubular. So for k > n0 there exist Jk ∈ N and a pathological
pair of microstates ξ(k), η(k) ∈ Γ(Xk; k, Jk, k−1) so that for any choice of ucp map
ϕ : MJk →MJk ,
||ξ(k)j − ϕ(η(k)j )||2,MJk ≥ ε
for every 1 ≤ j ≤ k. Consider MJk ⊂ R as a unital subalgebra. Our choice of
the generalized microstates ξ(k) and η(k) gives access to two embeddings σ1, σ2 :
N → RU given by σ1(xj) = (ξ(k)j )U and σ2(xj) = (η(k)j )U for every j ∈ N (where
ξ
(k)
j = η
(k)
j = 0 if j > k). From the hypothesis, there exist ucp maps ϕk : R → R
such that (ϕk(ξ
(k)
j ))U = (η
(k)
j )U for every j ∈ N. Thus there is a K ∈ U so that for
all k ∈ K
||ϕk(ξ(k)j )− η(k)j ||2,R <
ε
2
for every 1 ≤ j ≤ k. Let EMJk denote the conditional expectation of R onto MJk .
It follows that
||EMJk (ϕk(ξ
(k)
j ))− η(k)j ||2 <
ε
2
for every 1 ≤ j ≤ k. Then for k ∈ K ∩ {k : k > n0} (6= ∅), we have that the ucp
map ψk := EMJk ◦ ϕk|MJk : MJk →MJk satisfies
||ψk(ξ(k)j )− η(k)j ||2 < ε
for every 1 ≤ j ≤ k–a contradiction. 
Lemma 3.6. Let (N, τ) be a separably acting tracial von Neumann algebra satis-
fying CEP. If for any countable || · ||2-dense subset X = {xj}j∈N ⊂ (N)≤1, X is
completely tubular, then N is injective.
Proof. We wish to apply Proposition 1.4. So fix a finite subset F ⊂ (N)≤1 and
ε > 0. Let X := {xj}j∈N be a countable || · ||2-dense subset of (N)≤1 such that
F ⊂ X . For each k ∈ N, define Xk := {x1, . . . , xk}.
Since N satisfies CEP, for each k ∈ N there exists
ξ(k) = (ξ
(k)
1 , . . . , ξ
(k)
k ) ∈ Γ(Xk; k, Jk, k−1).
Write R = R1 ⊗R2 for Ri ∼= R, i = 1, 2, and for j ∈ N define yj := (1R1 ⊗ ξ(k)j )U ∈
RU . Construct an embedding π : N → RU given by π(xj) = yj for j ∈ N. Let k0
be such that F ⊂ Xk0 and Xk0 is ε2 -completely tubular. So there exists k1 ∈ N
such that for any J ∈ N and any ξ, η ∈ Γ(Xk0 ; k1, J, k−11 ) there is a ucp map
ϕ : MJ →MJ such that
||ϕ(ηj)− ξj ||2 < ε
2
for 1 ≤ j ≤ k0. Fix J ∈ N so that Γ(Xk0 ; k1, J, k−11 ) is nonempty and let η =
(η1, . . . , ηk0) ∈ Γ(Xk0 ; k1, J, k−11 ). For each k ≥ max {k0, k1}, note that (η1 ⊗
IJk , . . . , ηk0⊗IJk) and (IJ⊗ξ(k)1 , . . . , IJ⊗ξ(k)k0 ) are both microstates in Γ(Xk0 ; k1, J ·
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Jk, k
−1
1 ). So by
ε
2 -complete-tubularity, there is a ucp map ϕk : MJ ⊗ MJk →
MJ ⊗MJk such that
||ϕk(ηj ⊗ IJk)− IJ ⊗ ξ(k)j ||2,MJ·Jk <
ε
2
for 1 ≤ j ≤ k0. We define the ucp map ρ : MJ → RU given by ρ(x) = (ϕk(x ⊗
IJk))U (here we consider MJ ⊂ R1 and MJk ⊂ R2). Finally note that ρ satisfies
infB∈MJ ||yj − ρ(B)||2,RU ≤ ε2 < ε for every 1 ≤ j ≤ k0. Thus by composing ρ with
the conditional expection onto N , we can apply Proposition 1.4, and it follows that
N is injective. 
Lemmas 3.5 and 3.6 combine to prove the following theorem.
Theorem 3.7. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP. Then any pair of embeddings of N into RU are ucp-conjugate if and
only if N is injective.
By way of conditional expectations, we obtain the following more general version
of Theorem 3.7.
Corollary 3.8. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP, and for each k ∈ N let Mk be a II1-factor. Then any two embeddings
of N into
∏
k→U
Mk are ucp-conjugate if and only if N is injective. In particular,
any two embeddings of N into
∏
k→U
Mk are unitarily conjugate if and only N is
injective.
Proof. Assume that any two embeddings of N into
∏
k→U
Mk are ucp-conjugate. Let
σ1, σ2 : N → RU be two embeddings. Extend these embeddings to σ˜i : N →∏
k→U
Mk through inclusions ιk : R → Mk. That is, σ˜i = (ιk)U ◦ σi, i = 1, 2. From
the assumption there are ucp maps ϕk : Mk → Mk, satisfying (ϕk)U ◦ σ˜1 = σ˜2.
Let Eιk(R) denote the conditional expectation from Mk onto ιk(R). Then taking
ψk := Eιk(R) ◦ϕk|ι(R) we obtain (ψk)U ◦σ1 = σ2. From Theorem 3.7, N is injective.
If N is injective, it is hyperfinite by [11], and any two embeddings of N are
unitarily conjugate.
The “In particular”part of the statement of this Corollary follows from the fact
that any unitary u ∈
∏
k→U
Mk is of the form u = (uk)U where uk is a unitary in
Mk. 
In [2], one can find a separable formulation of Jung’s theorem, stated as follows.
Theorem 3.9 ([2]). Let (N, τ) be a separably acting tracial finitely generated von
Neumann algebra satisfying CEP. Then N is amenable if and only if for every
separable McDuff II1-factor M , any two embeddings π, ρ : N → M are weakly
approximately unitarily equivalent.
Theorem 3.7 is a ucp version of Jung’s theorem, and Theorem 3.9 is a separable
version of Jung’s theorem. Thus it is natural to consider a separable version of
Theorem 3.7 (or a ucp version of Theorem 3.9). We therefore ask the following
question.
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Question 3.10. Let (N, τ) be a separably acting tracial von Neumann algebra
satisfying CEP. If for any II1-factorM and any two embeddings π, ρ : N →M there
is a sequence of ucp maps ϕn : M → M such that for every x ∈ N, lim
n→∞
||π(x) −
ϕn(ρ(x))||2 = 0, then does it follow that N is amenable?
The proof of Theorem 3.9 uses the fact that given a unitary u ∈ RU , there is a
sequence of unitaries uk ∈ R such that u = (uk)U . Thus the map Adu given by
Adu(x) = u∗xu can be expressed as Adu = (Aduk)U , and Jung’s theorem can be
converted into separable language accordingly. Unfortunately, this approach breaks
down in the more general ucp setting, because given a ucp map ϕ : RU → RU , it
does not necessarily decompose as ϕ = (ϕk)U for ucp maps ϕk : R→ R. Indeed, any
conditional expectation of RU onto a nontrivial separable subfactor will not have
such a decomposition. With this obstruction, a resolution of the above question
using existing techniques is not clear.
Based on our discussion of ucp-conjugation, it is natural to consider the rela-
tionship between ucp-conjugation and unitary equivalence. To ensure we have an
equivalence relation in terms of ucp-conjugation, we make the following definition.
Definition 3.11. Let (N, τ) be a tracial von Neumann algebra, and for each k ∈ N
let Mk be a II1-factor. Two embeddings π, ρ : N →
∏
k→U
Mk are doubly ucp-
conjugate or ucp-equivalent if there are ucp maps ϕk, ψk : Mk → Mk such that
π = (ϕk)U ◦ ρ and ρ = (ψk)U ◦ π.
It is also of worth to ask about the relationship between ucp-conjugation and
unitary conjugation in our setting. The following example shows that the notions
of unitary equivalence and ucp-equivalence do not coincide in general.
Example 3.12. Consider the two embeddings π, ρ : L(F2) → L(F2)U where π is
the constant-sequence embedding, and ρ = αU ◦ π where α ∈ Aut(L(F2)) is the
automorphism on L(F2) induced by involuting the two generators. Note that α is
order two, so π = αU ◦ ρ. It is well known that α is not approximately inner in the
point-|| · ||2 topology. It follows that π and ρ are not unitarily equivalent, but since
α is ucp, these two embeddings are ucp-equivalent.
With the above example in mind, we formulate the following question.
Question 3.13. If two embeddings π, ρ : N → RU are ucp-equivalent, are they
unitarily equivalent?
An answer to this question in the affirmative in combination with Jung’s theorem
would yield Theorem 3.7 as an immediate corollary.
It is of interest to ask the question in terms of general automorphisms of the
ultraproduct.
Question 3.14. Let (N, τ) be a separably acting tracial von Neumann algebra
satisfying CEP. If any two embeddings of N (separable) into
∏
k→U
Mk are conjugate
by an automorphism of
∏
k→U
Mk, then is N amenable?
Note that Corollary 3.8 answers Question 3.14 for inner automorphisms and au-
tomorphisms that lift to ucp maps. In [4] the authors together with I. Goldbring
make significant progress on this question.
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4. Popa’s cardinality question
Recall that Hom(N,M) denotes the space of embeddings of N into M modulo
unitary equivalence, and [π] denotes the unitary equivalence class associated to
π : N →M . Given [πn], [π] ∈ Hom(N,M), we say [πn]→ [π] if there exist π′n ∈ [πn]
such that for any x ∈ N , ||π′n(x) − π(x)||2 → 0. The following metric induces this
topology. Fix a countable generating (e.g., dense) subset {xj}∞j=1 ⊂ N≤1; given
[π], [ρ] ∈ Hom(N,M) put
dM ([π], [ρ]) = inf
u∈U(M)

 ∞∑
j=1
2−2j ||π(xj)− uρ(xj)u∗||22


1
2
.
In [27], Popa asks the following question.
Question ([27]). If N is a separable von Neumann subalgebra of an ultraproduct
II1-factor
∏
k→U
Mk, then how large is Hom(N,
∏
k→U
Mk)?
As an immediate response to this question, we have the following consequence of
Corollary 3.8.
Corollary 4.1. Modulo CEP, if N is a non-amenable separable finite von Neumann
algebra, then |Hom(N,
∏
k→U
Mk)| ≥ 2.
In [8], Ozawa shows in Theorem A.1 that modulo CEP, if N is not amenable,
then Hom(N,RU ) is not separable. In Theorem 4.6 below, we use techniques from
[2] to extend Ozawa’s result, answering Popa’s question. Some preparation is in
order before presenting the theorem.
Definition 4.2 ([19]). Let N be a II1-factor. For n ∈ N and δ > 0, two n-tuples
(u1, . . . , un) and (v1, . . . , vn) of unitaries in N are δ-related if there is a sequence
{aj} ⊂ N with ∑
j
a∗jaj = 1N =
∑
j
aja
∗
j(4.1)
(where the convergence is SOT) such that for every 1 ≤ k ≤ n,∑
j
||ajuk − vkaj ||22 < δ.(4.2)
We say that {aj} is a sequence that witnesses that (u1, . . . , un) and (v1, . . . , vn) are
δ-related.
The next theorem was proved by Haagerup in [19]. The statement we present is
slightly different from Haagerup’s original wording. The present version indicates
the uniformity with which the ε and δ(n, ε) estimates can be made and expands the
scope to all finite factors. Haagerup’s proof of Theorem 4.3 can be easily adapted
(essentially exchanging ultrapowers for ultraproducts and taking matrix algebras
into consideration) to prove this moderately stronger version.
Theorem 4.3 ([19]). Fix n ∈ N. For every ε > 0 there exists a δ(n, ε) > 0
such that for any finite factor N and any two δ(n, ε)-related n-tuples of unitaries
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(u1, . . . , un) and (v1, . . . , vn) in N , there exists a unitary w ∈ N such that for every
1 ≤ j ≤ n
||wuj − vjw||2 < ε.
We will also need the following fact from [2]. Again, we expand the scope to all
separable finite factors; the proof in [2] still applies to this more general setting.
Lemma 4.4 ([2]). Let N1 and N2 be separable finite factors, and let (u1, . . . , un)
and (v1, . . . , vn) be two n-tuples of unitaries in N1. Fix δ > 0, and let z ∈ N1⊗N2
be a unitary of the form
z =
∞∑
j=1
aj ⊗ bj
where {bj} ⊂ N2 is an orthonormal basis in L2(N2) and the convergence is with
respect to the || · ||2-norm. If z is such that for every 1 ≤ k ≤ n,
||z(uk ⊗ 1N2)− (vk ⊗ 1N2)z||22 < δ,
then (u1, . . . , un) and (v1, . . . , vn) are δ-related. Furthermore, {aj} is a sequence
that witnesses that (u1, . . . , un) and (v1, . . . , vn) are δ-related.
We are now ready to present the answer to Popa’s question. We should note that
after circulating an early preprint of this article containing this result for ultraprod-
ucts of McDuff II1-factors, A. Ioana pointed out a way to extend our argument to
the general case. We wish to express our deep gratitude for his contribution. We
will exploit the following fact.
Proposition 4.5. Let X and Y be metric spaces, and let ϕ : X → Y be a contin-
uous function. Suppose that for every ε > 0 there is a δ > 0 such that if x, x′ ∈ X
are such that dY (ϕ(x), ϕ(x
′)) < δ then dX(x, x′) < ε. Then ϕ is a homeomorphism
onto its image.
Theorem 4.6. Let N be a non-amenable finite von Neumann algebra satisfying
CEP, and for each k ∈ N, let Mk be a II1-factor. Then Hom(N,RU ) embeds into
Hom(N,
∏
k→U
Mk). In particular, Hom(N,
∏
k→U
Mk) is non-separable.
Proof. For each k ∈ N, fix a copy of the separably acting hyperfinite II1-factor R as
a subfactor ofMk, and use these inclusions to induce an inclusion ι : R
U ⊂
∏
k→U
Mk.
Consider the map ϕ : Hom(N,RU )→ Hom(N,
∏
k→U
Mk) given by ϕ([π]) = [ι ◦ π].
We will apply the above proposition to ϕ. Note that ϕ is continuous. Let {uj}∞j=1
be a generating set of unitaries in N , and use this sequence to define the metrics
dRU and d
∏
k→U
Mk . Fix ε0 > 0. Let J ∈ N be such that
∑∞
j=J+1 2
2−2j < ε
2
0
2 .
By Theorem 4.3, there is a δ
(
J, ε0√
2J
)
such that for any finite factor N˜ , and any
pair of δ
(
J, ε0√
2J
)
-related J-tuples of unitaries (u˜1, . . . , u˜J), (v˜1, . . . , v˜J ) ∈ U(N˜),
there is a unitary w˜ ∈ U(N˜) such that for every 1 ≤ j ≤ J , ||w˜u˜j − v˜jw˜||2 <
ε0√
2J
. Let δ20 = 2
−2J · δ
(
J,
ε0√
2J
)
, and let [π], [ρ] ∈ Hom(N,RU ) be such that
d∏
k→U
Mk([ι◦π], [ι◦ρ])2 < δ20 . For each k ∈ N there is a matrix subalgebraMnk ⊂ R
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such that π(uj)k, ρ(uj)k ∈ Mnk ⊂ R for every 1 ≤ j ≤ J , and we can and do assume
that π(uj)k and ρ(uj)k are unitaries. Recall that we fixed embeddings R ⊂ Mk
at the beginning of the proof. So we have Mnk ⊂ R ⊂ Mk. For k ∈ N, let
Bk = M
′
nk
∩Mk. It is well-known that Bk is a II1-factor and that Mk ∼= Mnk ⊗Bk
since Bk is the relative commutant of a matrix algebra in a II1-factor. So for
every 1 ≤ j ≤ J and every k ∈ N we have that ι(π(uj))k = π(uj)k ⊗ 1Bk and
ι(ρ(uj))k = ρ(uj)k ⊗ 1Bk are unitaries in Mnk ⊗ 1Bk ⊂Mnk ⊗Bk =Mk.
Since d∏
k→U
Mk([ι ◦ π], [ι ◦ ρ])2 < δ20 , there is a unitary z ∈ U
(∏
k→U
Mk
)
=
U
(∏
k→U
Mnk ⊗Bk
)
such that
∞∑
j=1
||z · ι(π(uj))− ι(ρ(uj)) · z||22 < δ20 .
By standard approximation arguments, we may assume that z has the form
z = (zk)U where zk ∈ U(Mnk ⊗ Bk) and zk =
∞∑
m=1
amk ⊗ bmk where {bmk} is an
orthonormal basis for L2(Bk) and convergence is with respect to the || · ||2-norm.
There is a K ∈ U such that for k ∈ K and 1 ≤ j′ ≤ J , we have
2−2j
′ ||zk(π(uj′ )k ⊗ 1Bk)− (ρ(uj′)k ⊗ 1Bk)zk||22
= 2−2j
′ ||zkι(π(uj′ ))k − ι(ρ(uj′ ))zk||22
≤
∞∑
j=1
2−2j ||zkι(π(uj))k − ι(ρ(uj))kzk||22
< 2−2J · δ
(
J,
ε0√
2J
)
.
Thus for k ∈ K and 1 ≤ j′ ≤ J ,
||zk(π(uj′ )k ⊗ 1Bk)− (ρ(uj′)k ⊗ 1Bk)zk||22 < δ
(
J,
ε0√
2J
)
.
By Lemma 4.4, we have that for each k ∈ K, (π(u1)k, . . . , π(uJ)k) and
(ρ(u1)k, . . . , ρ(uJ)k) are δ
(
J, ε0√
2J
)
-related. So by Theorem 4.3, for each k ∈ K,
there is a unitary wk ∈ U(Mnk) such that
||wkπ(uj′)k − ρ(uj′)kwk||22 <
ε20
2J
for every 1 ≤ j′ ≤ J . Let w = (wk)U . Then we have
dRU ([π], [ρ])
2 ≤
∞∑
j=1
2−2j ||wπ(uj)− ρ(uj)w||22
=
J∑
j′=1
2−2j
′ ||wπ(uj′ )− ρ(uj′)w||22 +
∞∑
j=J+1
2−2j||wπ(uj)− ρ(uj)w||22
< J · ε
2
0
2J
+
ε20
2
= ε20. 
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5. Commuting embeddings and amenability
5.1. Commuting embeddings of tracial von Neumann algebras. In this
subsection, we show that the above results hold when we further insist that the
pair of embeddings have commuting ranges. While the proof of this fact is rather
elementary, it yields some nontrivial consequences. To set the stage, we first recall
the following result from [15]:
Theorem 5.1 ([15]). Let N be a II1-factor with N
U ∼= RU . Let α ∈ Aut(N ⊗N)
be the flip automorphism given by α(x⊗ y) = y ⊗ x. The following are equivalent.
(1) N ∼= R;
(2) Any two embeddings π, ρ : N → RU , are unitarily equivalent.
(3) Given any embedding π : N⊗N → RU , π and π◦α are unitarily equivalent.
(4) Given any embedding π : N ⊗N → RU , π|N⊗C and π ◦ α|N⊗C are unitarily
equivalent. That is, any pair of commuting embeddings of N into RU are
unitarily conjugate.
Note that Jung’s theorem strengthens the equivalence of (1) and (2) in Theorem
5.1 by weakening the hypotheses on N so that N need only satisfy CEP. The proof
presented in [15] uses the fact that NU ∼= RU implies that N is McDuff together
with the following result of Connes from [11]:
Proposition 5.2 ([11]). Let N be a separably acting II1-factor. The following are
equivalent.
(1) N ∼= R;
(2) N ∼= N ⊗ R and given x1, . . . , xn ∈ N , ε > 0 there are z1, . . . , zn ∈ R and
a unitary u ∈ N ⊗R with
||(xj ⊗ IR)− u(IN ⊗ zj)u∗||2 < ε
for every 1 ≤ j ≤ n.
We take this opportunity to show how Kishimoto’s Proposition 1.4 provides the
following ucp analog of the above proposition:
Proposition 5.3. Let N be a separably acting II1-factor. The following are equiv-
alent.
(1) N ∼= R;
(2) N ∼= N⊗R and given x1, . . . , xn ∈ (N)≤1,ε > 0 there are z1, . . . , zn ∈ (R)≤1
and a subtracial ucp map ϕ : N ⊗R→ N ⊗R with
||(xj ⊗ IR)− ϕ(IN ⊗ zj)||2 < ε
for every 1 ≤ j ≤ n.
Proof. We only need to prove (2) ⇒ (1). We wish to use Kishimoto’s proposition.
Fix ε > 0 and x1, . . . , xn ∈ (N)≤1.
Claim. It suffices to assume that x1, . . . , xn ∈ (N ⊗ C)≤1.
Proof of claim. Since N ∼= N ⊗ R there is an increasing sequence (Nk)k∈N
of subfactors of N , all isomorphic to N , with relative commutants isomorphic
to R. So we have the decompositions N = Nk ⊗ N ′k for every k ∈ N. Given
x1, . . . , xn ∈ (N)≤1 and ε > 0, by the Kaplansky density theorem, there are k ∈ N
and x′1, . . . , x
′
n ∈ (Nk)≤1 such that ||xj − x′j ||2 <
ε
2
for 1 ≤ j ≤ n. Thus, we may
assume that x1, . . . , xn ∈ (N ⊗ C)≤1.
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Let z1, . . . , zn ∈ (R)≤1 and ϕ : N ⊗ R → N ⊗ R be a subtracial ucp map such
that
||xj − ϕ(IN ⊗ zj)||2 < ε
2
for every 1 ≤ j ≤ n. Since R is hyperfinite, there are a J ∈ N and z′1, . . . , z′n ∈
(MJ )≤1 such that ||zj − z′j ||2 <
ε
2
for every 1 ≤ j ≤ n. Then we have a ucp map
ϕ|C⊗MJ : C⊗MJ → N ⊗R with
||xj − ϕ|C⊗MJ (IN ⊗ z′j)||2 ≤ ||xj − ϕ(1⊗ zj)||2 + ||ϕ(1 ⊗ zj)− ϕ(1 ⊗ z′j)||2
≤ ||xj − ϕ(1⊗ zj)||2 + ||1⊗ zj − 1⊗ z′j ||2
< ε
for every 1 ≤ j ≤ n. Then by Kishimoto’s proposition, N is injective. 
Using the results from §3, we obtain an upgrade of Theorem 5.1. We first prepare
with the following elementary lemma:
Lemma 5.4. Let (N, τ) be a separably acting tracial von Neumann algebra satis-
fying CEP. Given any pair of embeddings π1, π2 : N → RU , there exist embeddings
π˜1, π˜2 : N → RU such that
(1) π˜i is unitarily equivalent to πi for i = 1, 2;
(2) π˜1(N) and π˜2(N) commute.
Proof. Let σ : R ⊗ R → R be a ∗-isomorphism. Let π˜1 be given by π˜1(x) =
σU (π1(x)⊗1), and let π˜2 be given by π˜2(x) = σU (1⊗π2(x)) where σU : (R⊗R)U →
RU is the isomorphism induced by σ. Following Remark 3.2.4 in [8], we have that
π˜i is unitarily equivalent to πi for i = 1, 2. Also, π˜1 and π˜2 clearly have commuting
ranges. 
Theorem 5.5. Let (N, τ) be a separably acting tracial von Neumann algebra sat-
isfying CEP, and let {Mk} be a sequence of II1-factors. Let α ∈ Aut(N ⊗ N) be
the flip automorphism given by α(x⊗ y) = y ⊗ x.The following are equivalent.
(1) N is amenable;
(2) Any two embeddings π, ρ : N →
∏
k→U
Mk are ucp-conjugate
(3) Given any embedding π : N ⊗N →
∏
k→U
Mk, π and π ◦α are ucp-conjugate.
(4) Given any embedding π : N ⊗N →
∏
k→U
Mk, π|N⊗C and π ◦α|N⊗C are ucp-
conjugate. That is, any pair of commuting embeddings of N into
∏
k→U
Mk
are ucp-conjugate.
Proof. It suffices to show that (4) implies (1). We will use the equivalent formulation
of condition (4): any pair of embeddings π1, π2 : N →
∏
k→U
Mk with commuting
ranges are ucp-conjugate. Suppose that N is not amenable. Then by Theorem 3.7
there are two embeddings π1, π2 : N → RU that are not ucp-conjugate. By Lemma
5.4, we can find π˜1, π˜2 : N → RU with commuting ranges such that π˜i is unitarily
equivalent to π˜i for i = 1, 2. As done before, obtain an embedding R
U →֒
∏
k→U
Mk
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via embeddings R →֒Mk. Then the embeddings π˜1, π˜2 : N → RU →֒
∏
k→U
Mk have
commuting ranges and are not ucp-conjugate. 
Definition 5.6. Let N be a von Neumann algebra, and let M be a II1-factor. Let
Hom(N,M) denote the space of all unital ∗-homomorphisms π : N → M modulo
unitary equivalence. Let [π] denote the unitary equivalence class of π : N →M .
In [8] Brown studied the action of Out(N) on Hom(N,RU ) given by [π] 7→ [π ◦
α−1]. In particular, it is of interest when Out(N) acts nontrivially on Hom(N,RU ).
Theorem 5.5 yields the following result in this context.
Corollary 5.7. Let N be a nonamenable separable tracial von Neumann algebra
satisfying CEP. Let α ∈ Out(N ⊗ N) denote the flip automorphism. Then [π] 7→
[π ◦ α−1] is a nontrivial involutive action on Hom(N ⊗N,RU ).
In §3, we mentioned Theorem 3.9 as a separable version of Jung’s theorem. We
can strengthen Theorem 3.9 to the following separable version of Theorem 5.5. We
note that this is a nontrivial consequence that does not readily follow from Theorem
3.9 due to the unavailability of a separable version of Lemma 5.4.
Theorem 5.8. Let (N, τ) be a separably acting tracial von Neumann algebra satis-
fying CEP. Let α ∈ Aut(N ⊗N) denote the flip automorphism given by α(x⊗ y) =
y ⊗ x. The following are equivalent.
(1) N is amenable;
(2) For every separably acting II1-factor M , any two embeddings π, ρ : N →M ,
are weakly approximately unitarily equivalent;
(3) For every separably acting II1-factor M and any embedding π : N ⊗ N →
M,π and π ◦ α are weakly approximately unitarily equivalent;
(4) For every separably acting II1 factor M and any embedding π : N ⊗N →
M,π|N⊗C and π ◦ α|N⊗C are weakly approximately unitarily equivalent.
Proof. Again, we only need to prove (4) ⇒ (1). And again, we use the following
condition equivalent to (4): for every separably acting II1-factorM and any two em-
beddings π, ρ : N →M with π(N) ⊂ ρ(N)′∩M , π and ρ are weakly approximately
unitarily equivalent.
Suppose that N is not amenable. Then by Theorem 5.5, there are embeddings
π, ρ : N → RU with commuting ranges that are not ucp-conjugate. By Lemma 3.15
of [2], there is a separably acting II1-factorM withM ⊂ RU such that π(N), ρ(N) ⊂
M . We claim that when considered as embeddings into M , π and ρ are not weakly
approximately unitarily equivalent. If they were, then by Theorem 3.1 of [29], π
and ρ would be unitarily equivalent in RU which in turn implies that π and ρ are
ucp-conjugate–a contradiction. 
Theorem 5.5 sheds some light on Question 3.10. Consider the following property
in connection to this question:
Definition 5.9. A separably acting tracial von Neumann algebra (N, τ) satisfying
CEP has the ultra ucp lifting property if for any embedding N ⊂ RU and ucp map
ϕ : N → N , there is a sequence of ucp maps ϕk : R → R such that π ◦ ϕ(x) =
(ϕk)U (x) ◦ π. That is, π and π ◦ ϕ are ucp-conjugate.
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It follows that if every II1 factor has the ultra ucp lifting property, then Question
3.10 would be resolved in the affirmative. It turns out that we can use Theorem
5.5 to show that the ultra ucp lifting property is in fact a rare property, at least for
tensor-square II1 factors. The following result was obtained in a conversation with
Pieter Spaas; we would like to thank him for allowing us to include it here.
Theorem 5.10. Let (N, τ) be a tracial von Neumann algebra satisfying the CEP.
The following are equivalent.
(1) N is amenable;
(2) N ⊗N has the ultra ucp lifting property.
Proof. If N is amenable, then it has the ucp-lifting property (and thus, so does
N ⊗N). Indeed, consider N ⊂ R. Since all embeddings of N into RU are unitarily
conjugate, we may assume without loss of generality that N ⊂ R ⊂ RU is embedded
via the constant-sequence embedding. Let ϕ : N → N be a ucp map. Then letting
ϕk = ϕ for every k yields the desired sequence of ucp maps.
If N is not amenable, then by Theorem 5.5, there exists an embedding π :
N ⊗ N → RU such that π and π ◦ α are not ucp-conjugate where α denotes the
flip automorphism of N ⊗N . Evidently, N ⊗N does not have the ultra ucp lifting
property. 
This result naturally leads us to the following question:
Question 5.11. Let (N, τ) be a separable tracial von Neumann algebra satisfying
CEP. If N has the ultra ucp lifting property, then does it follow that N is amenable?
5.2. Commuting sofic representations. A parallel to Jung’s theorem exists in
sofic group theory: if any two sofic representations of a sofic group Γ are conjugate
in the universal sofic group, then Γ is amenable. This is due to Elek-Szabo in [14].
In view of the result on commuting embeddings in Theorem 5.5, it is natural to
consider its group analog. This case turns out to be more subtle. In the tracial
von Neumann algebra setting, the self-absorbing nature of R allows us to amplify
embeddings while remaining unitarily conjugate. No such self-absorbing behavior is
available in the group setting. In fact, it is a very difficult question to ask whether
two sofic embeddings are conjugate if they are conjugate in some amplification.
Fortunately, the work of Elek-Szabo is robust enough to accommodate for this
additional commuting condition as we observe in this section.
Recall the following setup from [14]. Let Γ be a finitely generated group with
symmetric generating set S. Let G be a finite graph such that each directed edge
of G is labeled by an element of S.
Definition 5.12. We say that G is an r-approximation of Cay(Γ, S) if there exists
a subset W ⊆ V (G) such that |W | > (1 − 1/r)|V (G)| and if p ∈ W then the
r-neighborhood of p is rooted isomorphic to the r-neighborhood of a vertex of the
Cayley graph of Γ, as edge labeled graphs.
Definition 5.13. We say that Γ is sofic if for any r ≥ 1, there exists r-approximations
of Cay(Γ, S) by finite graphs. Call a sequence of graphs {Gk} a sofic approximation
if for all r ≥ 1, there exists N such that for all k > N , Gk is an r-approximation of
Cay(Γ, S).
Let U be a free ultrafilter on N. For any sequence {nk}∞k=1, construct a universal
sofic group S = ∏k→U Snk , where Snk is the symmetric group on nk letters, and
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the metric used is the normalized Hamming distance dn on Sn:
dn(σ1, σ2) = n
−1 · |{j ∈ {1, . . . , n} : σ1(j) 6= σ2(j)}| .
An injective homomorphism π : Γ→ S is called a sofic representation if
lim
k→U
dnk(gk, 1Snk ) = 1
for every g ∈ Γ where π(g) = (gk)U . The following result is standard.
Lemma 5.14. From any sofic representation π : Γ → S, we get a sofic approxi-
mation {Gnk} of Cay(Γ, S), and vice versa.
For any function f : N → N and sofic representation π : Γ → S given by
π(g) = (gk)U for gk ∈ Snk , construct the amplification πf : Γ →
∏
k→U
Snkf(k)
given by πf (g) = (gk⊗ 1f(k))U where the tensor product notation is understood by
viewing the permutations as permutation matrices and considering the matricial
tensor product. Let Sf denote
∏
k→U
Snkf(k). Observe that this maps the space of
sofic representations of Γ into S, into the space of sofic representations of Γ into
Sf .
Definition 5.15. Let E(A) denote the edge set in a colored graph A. Say that
two colored graphs A and B are r-isomorphic for some r > 0 if there are subgraphs
A′ ⊆ A and B′ ⊆ B such that
|E(A′)| ≥
(
1− 1
r
)
|E(A)| and |E(B′)| ≥
(
1− 1
r
)
|E(B)|
and A′ is isomorphic to B′ as colored graphs.
Definition 5.16. A sofic approximation {Gk}k∈N of Cay(Γ, S) is called hyperfinite
if for all 0 < ε < 1, there exists Kε ∈ N such that for any k ∈ N, there exists a way
to erase ε|E(Gk)| edges of Gk to obtain a graph G′k having components of vertex
size not greater than Kε.
Theorem 5.17 ([14]). Suppose Γ is sofic and non-amenable, then a sofic approxi-
mation for Cay(Γ, S) is a non-hyperfinite sofic approximation.
The following is a routine observation:
Lemma 5.18. Suppose {Gk} and {Hk} are sofic approximations that induce sofic
representations π1 and π2 respectively, so that π1 is conjugate to π2. Then, for any
r ≥ 1, there exists a subsequence {nk} such that for each k ∈ N, Gnk is r-isomorphic
to Hnk .
We are now ready to state and prove the main result of this section.
Theorem 5.19. Let Γ be a countable sofic group. Let α ∈ Aut(Γ × Γ) be the flip
automorphism given by α((g, h)) = (h, g). The following are equivalent:
(1) Γ is amenable;
(2) For any universal sofic group S, any two sofic representations π1, π2 : Γ→
S are conjugate;
(3) For any universal sofic group S, and any sofic representation π : Γ×Γ→ S,
π and π ◦ α are conjugate;
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(4) For universal sofic group S and any sofic representation π : Γ × Γ → S,
π|Γ×1 and π ◦ α|Γ×1 are conjugate.
Proof. It suffices to show (4) implies (1). Suppose that Γ is non-amenable. We will
produce non-conjugate sofic representations of Γ. Let {Gk} be a non-hyperfinite
sofic approximation for Cay(Γ, S), with |V (Gk)| = k. By Theorem 5.17 there exists
0 < ε < 1 with the following property:
(5.1) for every k ∈ N, there exists f(k) > k such that if one erases ε|E(Gf(k))| =
εf(k) edges from Gf(k), there is always a component whose vertex set has
cardinality strictly greater than k.
Consider the sofic approximation {Hk}∞n=1 where |V (Hk)| = f(k) and Hk is the
disjoint union of ⌊ f(k)k ⌋ copies of Gk with the remainder being isolated points. PutS := ∏k→U Sf(k). Let π1, π2 : Γ → S be the sofic representations associated to
{Gf(k)} and {Hk} respectively. Now construct sofic representations π1⊗ 1, 1⊗ π2 :
Γ → Sf as follows: for g ∈ Γ define (π1 ⊗ 1)(g) = (gk ⊗ 1Sf(k)) where π1(g) =
(gk)U , gk ∈ Sf(k), and similarly for h ∈ Γ, define (1 ⊗ π2)(h) = (1Sf(k) ⊗ hk) where
π2(h) = hk, hk ∈ Sf(k). By construction, π1 ⊗ 1 commutes with 1 ⊗ π2 and so
there exists a sofic representation π : Γ × Γ → Sf such that π1 ⊗ 1 = π|Γ×1 and
1⊗ π2 = π ◦ α|Γ×1.
We now show that π1 ⊗ 1 and 1 ⊗ π2 are not conjugate. Consider the sofic ap-
proximations associated to π1⊗1 and 1⊗π2 given by {
⊔f(k)
i=1 Gf(k)} and {
⊔f(k)
i=1 Hk}
respectively. By Lemma 5.18, it suffices to show that there exists r ≥ 1 such that
for all k,
⊔f(k)
i=1 Gf(k) is not r-isomorphic to
⊔f(k)
i=1 Hk. Fix r = 1/ε and k ∈ N. Let
G′ be a subgraph of
⊔f(k)
i=1 Gf(k) with |E(G′)| ≥
(
1− 1r
) ∣∣∣E (⊔f(k)i=1 Gf(k))∣∣∣ .We will
show that G′ cannot be isomorphic to any subgraph H ′ of
⊔f(k)
i=1 Hk obtained by
erasing any number of edges. Indeed, G′ is obtained from
⊔f(k)
i=1 Gf(k) by erasing
at most ε|E(⊔f(k)i=1 Gf(k))| = εf(k)2 edges so it follows that there exists at least one
copy of Gf(k) in
⊔f(k)
i=1 Gf(k) with at most εf(k) edges removed. Since ε satisfies
(5.1), there exists a component of G′ with more than k vertices. On the other hand
all components of
⊔f(k)
i=1 Hk have no more than k vertices because
⊔f(k)
i=1 Hk is a
disjoint union of Hk’s which are each in turn a disjoint union of Gk’s with |Gk| = k
(and possibly some isolated vertices). So if H ′ is a subgraph of
⊔f(k)
i=1 Hk obtained
by erasing edges, there is no component of H ′ with more than k vertices, and thus
H ′ cannot be isomorphic to G′. Hence
⊔f(k)
i=1 Gf(k) is not r-isomorphic to
⊔f(k)
i=1 Hk.
Thus π1 ⊗ 1 and 1⊗ π2 are not conjugate. 
6. Concluding remarks for the group setting
The property of stability is based on the following general philosophy: anything
that “almost satisfies” a property, is “close” to something that precisely satisfies
that property. There has been a lot of interest in recent years about the notion of
group stability, see [6, 5, 1, 12, 18].
Definition 6.1 ([6] Definition 1.1). Let G be a class of groups equipped with bi-
invariant metrics, and let Γ be a finitely presented group with generators
{s1, . . . , sm} and relations {w1, . . . , wr}. We say Γ is G-stable if given any group
G ∈ G with bi-invariant metric dG, for every ε > 0 there exists δ > 0 such that if
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(g1, . . . , gm) ∈ Gm satisfies dG(wj(g1, . . . , gm), idG) < δ for every 1 ≤ j ≤ r then
there is a homomorphsim π : Γ→ G with dG(π(sj), gj) < ε for 1 ≤ j ≤ m.
Typical examples of the class G are the symmetric groups Sn with Hamming met-
ric (this class denoted by P) and the unitary groups U(Mn) with the normalized
Hilbert-Schmidt distance (this class denoted by HS). Taking a cue from Remark
2.2, we can expand the above finitary definition of stability to apply to groups with
infinitely many generators and relations as follows.
Definition 6.2. Let G be a class of groups equipped with bi-invariant metrics, and
let Γ be a group with generators {s1, s2, . . . } and relations {w1, w2, . . . }. We have
that Γ is G-stable if given any group G ∈ G with bi-invariant metric dG, for any
ε > 0 and n ∈ N, there are m > n and k ∈ N such that if (g1, . . . , gm) ∈ Gm is an
m-tuple such that dG(wj(g1, . . . , gm), idG) < k
−1 for every 1 ≤ j ≤ m then there is
a homomorphism π : Γ→ G such that dG(π(sj), gj) < ε for every 1 ≤ j ≤ m.
Looking at our Definition 2.1, we see that one can give a definition of group
stability more in keeping with the ultraproduct language of this article.
Definition 6.3. Let G be a class of groups equipped with bi-invariant metrics, and
let U be a free ultrafilter on N. A countable discrete group Γ is G-stable if for any
sequence of groups Gk ∈ G with respective bi-invariant metrics dk and any homo-
morphism π : Γ →
∏
k→U
(Gk, dk) (metric ultraproduct), there are homomorphisms
πk : Γ→ Gk such that π(g) = (πk(g))U for every g ∈ Γ.
We define self-stability for groups as follows.
Definition 6.4. Let Γ be a countable discrete group. For a bi-invariant metric d,
consider the metric ultrapower group (G, d)U . The group (G, d) is said to be self-
stable if any homomorphsim π : G→ (G, d)U lifts into homomorphisms πk : G→ G
such that π(g) = (πk(g))U for all g ∈ G.
Many approximation properties for groups (e.g., amenability, Haagerup prop-
erty, property (T)) have von Neumann algebraic counterparts such that a group
satisfying that property is equivalent to its corresponding von Neumann algebra
satisfying that property. That is, Γ is amenable if and only if L(Γ) is amenable.
The following example shows that this is not the case for self-stability. Note that
there are a priori many choices for a bi-invariant metric on a given group Γ; but
the appropriate choice for this comparison to make sense is the metric induced on
the group Γ when Γ is considered as a subset of U(L(Γ)) under the trace-norm.
Example 6.5. Fix n ∈ N. Let Γ = Fn, and let d be the metric induced on Fn
when considered a subset of U(L(Fn)) under the trace-norm. Then it is a direct
observation that (Fn, d) is self-stable.
Hence Fn, is self-stable, but L(Fn) is not self-tracially stable by Theorem 2.6. The
universality of Fn is the property that yields self-stability. Note that when passing
to its von Neumann algebra, the universality of Fn is lost due to the fact that
L(Fn) is a II1-factor and therefore is simple. Thus it is of interest to find additional
hypotheses on a group Γ which, in conjunction with self-stability, imply amenability.
We also take this opportunity to consider a group-theoretic analog of Corollary
3.8. As we have seen in the previous section, Elek-Szabo proved in [14] that up to
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conjugacy there is exactly one sofic approximation of a finitely generated group Γ
if and only if Γ is amenable. It is natural to ask if one can achieve a generalization
similar to the ucp conjugation result of this paper. We can ask for a hyperlinear
analog:
Question 6.6. Let Γ be a countable discrete hyperlinear group such that for any
two hyperlinear approximations π, ρ : Γ→ U(RU ) there exists a sequence of positive
definite functions ϕk : U(R) → U(R) ⊂ R such that π(g) = (ϕk)U ◦ ρ(g) for every
g ∈ Γ; then does it follow that Γ is amenable?
And we can ask for a sofic analog:
Question 6.7. Let Γ be a countable discrete sofic group such that for any two sofic
representations π, ρ : Γ → ∏k→U Snk there exists a sequence of positive definite
functions ϕk : Snk → Snk ⊂ Mnk such that π(g) = (ϕk)U ◦ ρ(g) for every g ∈ Γ;
then does it follow that Γ is amenable?
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